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Plane parallel neutron beams normally incident upon the curved 
surface of a solid reflector are studied with the r1onte Carlo method. 
The geometries studied are cylindrical, parabolic, and hemispherical. 
It is shown that when the curved surface is cylindrical, a small 
11focusing effect" occurs in the reflected neutron beam. Parabolic 
and hemispherical surfaces do not show "focusing". 
A study of the factors which determine the spatial dependence of 
the reflected flux shows that the probability of emergence of a 
neutron. traveling a fixed distance from a point inside the reflector, 
depends upon the curvature of the surface. It is only for cylindrical 
geometry that this probability as a function of distance shows a 
11 peak" which results in "focusing". 
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I. INTRODUCTION 
A. Description of the Problem 
When neutrons are incident upon the surface of a medium some are 
reflected, some are absorbed, and if the medium is finite some are 
transmitted. Neutrons leaving a medium, whether transmitted or 
reflected, emerge with a definite angular distribution about the 
normal to the surface [1]. This occurs because a neutron has the 
greatest chance of escaping from a medium if its path is the shortest 
distance between its location and the medium's boundary. This path 
is the normal to the surface. 
1 
This work investigates the possibility of utilizing the angular 
distribution effect to focus thermal neutrons emerging from a curved 
graphite surface. Cylindrical, parabolic, and spherical surfaces have 
been considered. 
The emerging neutron flux is determined by using the Monte Carlo 
method [2-8]. Using this technique, instead of solving the Boltzmann 
transport equation, individual neutrons are followed in the medium 
and their path and interactions are recorded at each step. After 
many neutrons have been studied conclusions can be drawn regarding 
the behavior of the "average11 neutron. A computer is used for the 
study of the large number of neutrons which should be considered. In 
the present case, several computer programs have been written to 
perform the necessary computations for the specific cases which are 
analyzed. 
The Monte Carlo method is well known for its geometric flexi-
bility, and hence is best suited for the present work [3]. Its 
disadvantage is that it is statistical in nature, and therefore the 
results have some statistical uncertainty. However, the uncertainty 
can be calculated [8:147]. 
B. Review of the Literature 
2 
One of the earliest calculations of neutron reflection was 
performed by Fermi [1]. His work was limited to the case of the 
infinitely thick medium bounded by a plane surface. He further 
assumed that the medium was characterized by a large value of N 
(N=Et/Ea), and that all neutron scattering was isotropic. Monte Carlo 
studies of neutron reflection have been made for slab geometries for 
different materials [9-11]. 
Experimental attempts to focus a neutron beam have centered upon 
collimators. [12-16]. In such studies the neutron flux shape was 
measured at points outside the medium (that is, the collimator). The 
Monte Carlo method has been used to examine the neutron flux shape 
inside a medium [4]. 
C. Need for the Present l~ork 
The development of a neutron reflector having the ability to 
focus a neutron beam into a relatively small volume would have many 
practical applications. 
For example, if focusing is possible, an appropriately shaped 
external surface of a reactor or thermal column would permit the 
attainment of higher localized neutron fluxes then could otherwise be 
achieved at a given power level. Also, it might be possible to 
reduce the amount of fuel needed to attain criticality in a reactor 
by placing suitably shaped reflectors around the reactor core. 
To the author's knowledge there is no report in the literature 
on the focusing of neutron beams by means of curved reflectors. 
Hence, it is felt, that this work will fill the need for the study 
of this subject. 
3 
4 
' II. THE MONTE CARLO PROCEDURE 
A. General Description 
As was mentioned earlier, using the Monte Carlo method, a 
problem is studied by following individual particles inside a medium 
and recording the events that take place. The sum total of everything 
that happens to a particle during the entire period in which it is 
studied constitutes one particle history. Essentially, the Monte 
Carlo method simulates a possible experiment that can be performed. 
In an actual experiment a neutron source, a medium, and detectors are 
used to obtain the desired results. In Monte Carlo, the "experiment" 
is simulated in the computer by tracking individual particles. 
In the present work neutrons are assumed to enter a medium, which 
from here on will be called the reflector. The face of the reflector, 
where neutrons enter and exit, is a curved surface and from here on 
will be called the front face. The flat portion of the front face of 
the reflector coincides with the x-y plane at z=-R [Figs. 1 and 2]. 
The reflector is assumed to be infinite in the positive z direction 
and has a finite cross section in the x-y plane~ 
Neutrons entering the reflector can be scattered or absorbed. 
The type of interaction (scattering or absorption) is determined from 
the relative probabilities for these events to occur. A particle 
history is terminated if a) the neutron is absorbed, b) the neutron 
leaves the medium and does not reenter, or c) the neutron has suffered 
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is used to avoid the loss of computer time required in studying a 
history indefinitely. It does not introduce an error into the final 
results since less than 5% of the neutrons studied reach 300 
collisions. An even smaller number of these neutrons would leave the 
reflector. 
If a neutron leaves the reflector through the front face its 
path is tested [App. A] to see if it crosses one or more of several 
.. detectors" placed along the z axis. The "detectors .. are imaginary 
spherical counters of 1 em. radius located on the negative z axis. 
In an actual experiment real neutron counters would be positioned 
there and record the corresponding neutron fluxes. If the flight of 
a neutron leaving the reflector crosses the volume of a detector, 
7 
this is recorded by increasing the value of an accumulator correspond-
ing to this detector by one. The relative magnitude of the neutron 
flux at any one point is simply the number of neutrons hitting the 
detector situated at that point divided by the total number of 
histories studied. 
There is a possibility that a neutron leaving the reflector 
inside the cavity will reenter the medium. In this event, the parti-
cal history is continued at the point of reentry. 
To determine whether the neutron left the medium, hit a detector, 
or reentered the medium, its position with respect to a fixed 
coordinate system must be known. A scheme for tracking neutrons in 
a fixed cartesian coordinate system has been developed [17]. 
8 
In order to simulate the possible events a neutron may undergo, 
it is necessary to have a ready means of selecting distances between 
successive interactions, types of interactions, and scattering angles. 
In addition, a test for emergence must be available. 
B. The Selection Procedures 
Both the distance between interactions and the angle of scatter-
ing depend upon the neutron scattering cross section. In this work 
the neutron beam consists of thermal neutrons and the medium studied 
is graphite in powdered form. 
Average cross section values over the thermal neutron spectrum, 
were used for all cases studied. This simplification does not 
introduce any appreciable error in the results because for powdered 
graphite no crystalline effects need be considered, and the scattering 
cross section is constant from the Bragg cut-off (0.0002 ev) to 
approximately 200 kev [18]. 
In section B-3 of this chapter the treatment of the angular 
dependence of the scattering cross section is described in detail. 
1. Selection of the Distance Between Interactions 
If for a given medium the total neutron macroscopic cross 
section is Et, then the mean free path, A, which is the average 
distance between successive interactions, is A=1/Et. The probability 
that a neutron has had no interactions after traveling a distance x 
9 
-l: X 
in the medium is given by e t • The x•s selected should have a 
-L: X 
distribution given by e t • This is achieved in the following way. 
The probability that an interaction occurs between x and x + dx 
is 
L:=L: t (1) 
Note that x is the path length between interactions. Eq. (1) can be 
written as 
(2) 
where f(x) is a probability distribution function [App. B] from \'Jhich 
it follows that 
f(x) = L:e-L:x • 
Since f(x) is a probability distribution function it satisfies the 
equation 
X 
I f(x)dx s 1 • 
0 
Eq. (4) can be expressed as [App. B] 
X 
R = I f(x)dx • OsR::;l • 
0 
Replacing f(x) yields 
X 






Solving for x gives 
X = · 1 ~n(1-R) E 
10 
(7) 
Thus, if R is chosen as a random number between 0 and 1 the value of 
x obtained from Eq. (7) will satisfy the probability distribution 
function given by Eq. (3). If R varies between 0 and 1, then 1-R 
also varies between 0 and 1, therefore x can equivalently be selected 
from Eq. (8). 
X = - i ~n(R} • (8) 
2. Selection of the Type of Interaction 
If Et (cm- 1 ) is the total macroscopic neutron cross section for 
the reflecting medium, rs .(cm- 1 ) is the macroscopic neutron scattering 




The type of interaction at any point inside the medium can be 
determined by comparing a random number, R, (O~R~1) with the relative 
probability for each type of interaction. 
Relative probability that = r /E 
an absorption event occurs a t 
Relative probability that = Es/rt 
a scattering event occurs 
(10) 
(11) 
If a decision for the type of interaction is to be made, a random 
number is selected and is compared to the relative probability given 
by Eqs. (10)and(11). If R~Ea/Et an absorption occurred, if R>Ea/Et 
a scattering event occurred. 
11 
3. Selection of the Scattering Angles 
The selection of the scattering angle e (polar angle, Fig. 3) is 
analogous to the calculation of the interaction distance. Let crs be 
the microscopic neutron scattering cross section, which is propor-
tional to the probability that a scattering event occurs. Let crs(e) 
be the differential neutron scattering cross section, which is propor-
tional to the probability that a neutron will be scattered to a given 
angle e. These two cross sections are related by the expression 
~ 
as = 2~ J crs(e)sinede • 
0 
The probability that a neutron will be scattered to an angle 
between 0 and e is 
e 
~ J crs(e)sinede s 1 • 
0 
A random number R is selected and set equal to Eq. (13). 
e 





Eq. (14) can be solved for e or cose, and the values of e or cos8 
thus selected satisfy the correct probability distribution function 
given by Eq. (13). The form of cr5 (8) as a function of 8 is needed 
before Eq. (14) can be solved for 8 or cos8. 
The differential scattering cross section can be expanded in a 






A - SCATTERING POINT 
DIAMETER 
DETECTOR 
Fig. 3: The polar angle e and the solid angle, defined by 
angle ~e, subtended at a point by a detector. 
12 
13 
l.l = cose (15) 
In Eq. (15) P0 , P1 are the first two Legendre polynomials and A and B 
are the coefficients which have to be determined. Substituting Eq. 
(15) into (14) we get 
1 1 
R =~I [APO + BPl(l.l)]dl.l =~~I [A+ Bl.l]dl.l 
s cose s cose 
= ;~ [A(1-cose) + ~ (1-cos 2 e)] • (16) 
s 
The coefficients A and B are obtained by using the follo\'ling 
two equations, 
1 1 
crs = 2~ I crs(l.l)dl.l = 2~ I (A+ Bl.l)dl.l = 4~A 
-1 -1 
and 






The values of crs and l.l are known from experiment. As explained 
in section B of this chapter, the average value of cr5 over a thermal 
neutron spectrum was used. The value of ~used was 0.056. This is 
14 
equal to 2/(3A) (A=12) and corresponds to the case of isotropic 
scattering in the center of mass system. The value of ~ detennined 
experimentally [19] changes between 0 and 0.056 in the thermal range. 
A zero value for~ implies isotropic scattering in the laboratory 
system of coordinates. The use of a constant value for~ does not 
introduce any noticeable error in the results. This was determined 
by running the computer programs with ~varying between 0 and its 
asymptotic value of 0.056. The computer results were insensitive to 
these changes. 
Substituting Eqs. (19) and (20) into (16) and solving for cose 
yields 
- 1 + I -( . 3~) 1 - 6 ~ 2R - 1 - ~ cose = __ _..;... ________ ..;;~-
3 ~ 
The azimuthal scattering angle ~ is completely random and was 
always selected using the expression 
~ = 21TR • 
where R is another random number. 
4. Test for Emergence 
The generalized equation of a curved surface is 
f (X ,y, Z) = 0 • 
This can also be written as 
g{y) + h{x,z) = 0 






Eq. (24) can be solved for y2 • This yields an equation of the 
form 
y 2 = r(x,z) • (25) 
Since the surfaces considered are quadratic in nature, y2 can be 
considered in place of y. 
A neutron has emerged from the curved surface if the actual value 
of y2 is less than that calculated from Eq. (25). In the computer 
program this test is made only when the current value of z is less 
than or equal to 0. This insures that the neutron is in the correct 
"half space 11 [Fig. 1] for emergence. 
C. Direct and Indirect t·1onte Carlo t1ethods 
There is more than one way in which one can use the Monte Carlo 
method to obtain results. The previous sections described the so 
called "direct ~·1onte Carlo method". In it, particle histories are 
studied and if the particle leaves the medium and hits a detector it 
scores one unit in a particular accumulator. Every particle, 
regardless of how many interactions it had and regardless from where 
it originated, has the same weight if it hits a detector. This weight 
is equal to one. 
In the so ca11ed "indirect t,1onte Carlo" the procedure is different. 
Here each neutron starts its history with a weight equal to one. At 
its first scattering interaction, the probability that the neutron 
intersects a detector before its next interaction is calculated 
(section D of this chapter). This probability is then added to an 
accumulator corresponding to that particular detector and is 
subtracted from the neutron weight. At each successive interaction 
the probability that the neutron will intersect a detector \'lithout 
sustaining another interaction is calculated and multiplied by the 
neutron weight. This product is added to the corresponding 
accumulator and is subtracted from the current neutron weight. 
A neutron history is terminated under the same conditions as in 
the direct method. However, one additional termination criterion is 
applied. A history is terminated if its weight falls below a preset 
value. This value is chosen so that the "300 collision" criterion 
is usually exceeded first. The main value of the "weight" criterion 
16 
is that it terminates a history which has had less than 300 inter-
actions. and yet has already deposited most of its \veight. This occurs 
when the actual path of a neutron intersects a detector and reenters 
the reflector. 
D. Calculation of Probabilities and Flux for the Indirect Method 
1. The Probability of Scattering Through a Given e Range 








where the subscripts i,j refer to the jth collision of the ith 
history. 
But from Eqs. (15), (19), and (20) 
17 
(27) 
Performing the indicated substitution and solving for the probability 
one obtains the following expression. 
2. The Probability of Scattering Through a Given~ Range 
The probability that a neutron will scatter through a~ angle 
such that it intersects a detector is given by the diameter of the 
detector, 2r (r=lcm),divided by 2nVsine, where V is the magnitude of 
the vector drawn between the center of the detector and the position 
of the scattering event. e is the scattering angle [Figs. 3 and 4]. 
This probability is 
3. Probability of Emergence 
The probability that a neutron will emerge from the reflector 
without sustaining another interaction and that its flight path 
intersects a detector is given by 














Fig. 4: Quantities used in the calculation of the probability 
P .. (~). lJ 
18 
where x is the distance between the scattering point and the inter-
section of the curved surface along a vector joining the scattering 
point and the center of the detector [App. A]. 
4. Calculation of the Relative Flux Magnitude 
Let 
k .. = the weight of the neutron at the jth collision of lJ 
the ith history. 
The total weight deposited by the ith history is 
19 
Ls 
w • = ~ l k • . P . . ( 6 ) P . . ( <P) P .. (ex p) • 
1 ""t j lJ lJ lJ lJ (31) 
The grand average for a total number of t histories is 
- 1 t 
w = jj' l w. 
, i=l 1 
(32) 
A value of w is calculated for each detector. Thus, the relative 
flux magnitude is known as a function of distance along the z axis. 
II I. RESULTS 
A. General Comments 
A typical geometry consists of a plane parallel neutron beam 
incident upon the cavity of a curved surface [Fig. 1]. In this case 
the cavity is cylindrical. The width of the neutron beam is equal 
20 
to the diameter of the cylinder. In other cases the cavity is para-
bolic or hemispherical and the incident beam enters the front or rear 
face [Fig. 2] of the reflector. The reflected neutron beam is 
calculated if neutrons enter the front face; the transmitted beam is 
calculated if neutrons enter the rear face. 
The results of the calculation for different geometries are 
presented graphically. To facilitate comparison of the flux shape for 
different cases, the greatest relative flux magnitude has been 
normalized to one. However, the flux magnitude close to the face of 
the reflector is so large that if the highest value was used for the 
normalization, it would be impossible to see the shape of the flux as 
a function of distance further away from the reflector. For these 
reasons, some data points close to the reflector have been omitted 
from the graphs. Nevertheless, the tables present all the data and 
their corresponding relative errors. The data point used for the 
normalization of each graph, is indicated by an asterisk. 
Some of the calculated points do not 11 fit 11 with the rest of the 
results. These same points have large relative error [App. C]. This 
occurs because of the statistical nature of the ~1onte Carlo method. 
In particular, if a neutron 11 Scores a direct hit 11 on a detector all 
of its weight is added to an accumulator corresponding to that 
detector. Obviously the flux magnitude at that point will be much 
greater than at neighboring points. But this sudden and large 
increase in the value of the flux is not real but only a result ·of 
the statistical nature of the calculation. Hence, the curves dis-
regard those,data points. 
, In addition to the relative flux magnitude, three other graphs 
are presented. They are the probabilities P(e), P(¢), and P(exp) 
defined as follows: 
P(e) 
'p ( ¢) 
= ;; P .. (e) 
i,j lJ 
= l P •. (¢) 
i,j 1J 
P(exp) = l P1 •• (exp) 
. . J 1 ,J 
i = history number 
j = collision number 
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where Pij(e), P1j(¢), and P1j(exp) were defined in section C of 
chapter II. P(e), P(¢), and P(exp) v1ere calculated for each detector 
in the manner shown above. 
P(e) at z is the relative probability that a neutron v~ill scatter 
through the angle e such that its flight path after scattering inter-
sects the volume occupied by a detector placed at the point (0,0,-z). 
P(¢) has a similar interpretation except that the angle ¢ is consid-
ered in place of e. P(exp) at z is the relative probability that a 
neutron will emerge from the reflector without sustaining another 
interaction and intersect a detector at z. 
22 
The above three graphs, as shown from the way they are calcu-
lated, give results "averaged .. over the entire volume of the reflec-
tor. The graphs are useful because they show the separate components 
which combine to produce focusing as a purely geometric effect. 
B. Results of the Calculations 
1. Parabolic Geometry 
Parabolic geometry was studied with the direct r.nnte Carlo method 
only. The parabola studied is described by the equation 
Y2 = -4PZ • 
The incident neutron beam impinged upon the front face of the reflec-
tor. Two cases were considered. In the first, the focal point of 
the parabola was located at the point (0,0,-14.6) and its wings were 
extended to z = -61.7 em. The cross section of the parabola lies in 
the yz plane as in Fig. 1. The results are given in Fig. 5. 
In the second case the focal point of the parabola was again at 
(0,0,-14.6) but the wings were extended to z=-14.6 em. The results 
are given in Fig. 6. 
It can be seen that there is no apparent focusing of the neutron 
beam in both cases. Indeed, there is a continuous decrease in the 

























DISTANCE ALONG Z AXIS (CM) 
Fig. 5: Relative flux magnitude versus distance along z axis for 
parabolic geometry (full wings). 
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Table I: Data for Fig. 5 
Relative Flux Relative 
-z Magnitude. <P Error. fltt> 
(em) (%) 
10* 7.8 (-4) 17 
12 8.0 ( -4) 17 
15 6.0 (-4) 19 
18 6.2 ( -4) 19 
20 8.2 ( -4) 16 
22 5. 8 ( -4) 20 
25 5.8 ( -4) 20 
30 5.6 (-4) 20 
35 2.7 (-4) 29 
45 2.4 (-4) 30 
50 2.0 ( -4) 33 
60 1. 8 ( -4) 35 
70 1.1 ( -4) 45 
The numbers in parenthesis indicates the power of ten 
multiplying the given decimal number. 
The asterisk (*) indicates the point normalized to 
one in the graphical representation of the data. 
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Fig. 6: Relative flux magnitude versus distance along z axis for 
parabolic geometry (short wings). 
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Table II: Data for Fig. 6 
Relative Flux Relative 
-z Magnitude, cJ? Error, t::,cp 
(em) (%) 
5* 26.0 (-4) 11 
7 24.3 (-4) 12 
9 20.0 (-4) 13 
11 19.3 (-4) 13 
13 19.3 (-4) 13 
14.6 14.0 ( -4) 15 
16 12.7 (-4) 16 
17 12.0 (-4) 17 
19 9.0 (-4) 19 
21 11.3 ( -4) 17 
23 9.0 (-4) 19 
25 8.0 (-4) 20 
30 8. 0 ( -4) 20 
2. Cylindrical Geometry 
a. Radius Equal to 60 em 
Cylindrical geometry was studied in great detail. The 
cylindrical surface studied is described by the equation 
' 
which shows that the center of the cylinder is located at the point 
(0,0,-R). The incident beam is plane parallel. 
27 
The cylindrical case with radius 60 em was studied with the 
direct and indirect Monte Carlo methods for both reflection and trans-
mission. 
The spatial distribution of neutrons near the curved surface is 
similar when neutrons enter either the front or rear face of the 
reflector. This is so because the diffusion of neutrons in the 
reflector results in an equilibrium distribution which tends to mask 
the effect of the entry point of the neutrons. This is especially 
true of weak absorbers of the type which would be used to construct a 
reflector. All this, implies that the four calculations performed 
for the 60 em cylinder should produce similar results. The fact that 
this is true increases the confidence in the calculations. It also 
eliminates the need to study other cylinders of different radii in 
such great detail. 
The results of the direct method for both transmission and 
























DISTANCE ALONG Z AXIS (CM) 
Fig. 7: Relative flux magnitude versus distance along z axis for 
cylindrical geometry {radius 60 em). Direct method. 
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Table III: Data for Fig. 7 (Transmission) 
Relative Flux Relative 
-z Magnitude. <1> Error, A<1> 
(em) {%) 
15* 12.00 {-4) 14 
17 10.22 {-4) 15 
19 11.11 { -4) 14 
21 9.55 {-4) 15 
25 10.22 {-4) 15 
32 7.55 {-4) 17 
37 8.66 {-4) 16 
39 9.00 (-4) 17 
42 9.11 { -4) 16 
44 9.00 (-4) 17 
47 9.11 ( -4) 16 
52 8.88 (-4) 16 
57 8.66 (-4) 16 
62 7.77 {-4) 17 
72 7.77 (-4) 17 
30 
Table IV: Data for Fig. 7 (Reflection} 
Relative Flux Relative 
-z Magnitude. <I> Error, Ll<I> 
(em) (%) 
22* 7.66 (-4) 21 
32 2.66 (-4) 35 
37 1.33 (-4) 50 
42 1.33 (-4) 50 
47 3.33 (-4) 32 
52 3.00 (-4) 33 
57 2.66 (-4) 35 
62 2.33 (-4) 38 
72 0.00 
similar in both cases, as it should be. A slight focusing effect is 
shown at z=-50 em, however, the errors are rather large. 
31 
The results for the indirect method appear in Fig. 8. Each 
graph shows a slight but definite focusing effect at z=-52 em. This 
in conjunction \'lith the results of the direct method implies that for 
cylindrical geometry with a plane parallel incident neutron beam some 
neutron focusing occurs. This is in direct contrast to the results 
of parabolic geometry. 
Fig. 8 shows that the results of reflection and transmission 
are almost identical. For this reason, transmission was not studied 
further. 
The graphs of P(e) [Fig. 9] and P(~) [Fig. 10] versus z show a 
consistent decrease in magnitude as the distance along the z axis 
increases. This should be expected because the further along the z 
axis the detector is situated the smaller the solid angle it subtends. 
This result is independent of the shape of the reflector. 
The graph of P(exp) versus z [Fig. 11] exhibits a spike near the 
neutron focusing point of the reflector. This is a result of the 
considerations discussed in the introduction, namely of the tendency 
of the neutrons to emerge normal to the surface. This result does 
depend upon the shape of the reflector. It was found only when 
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DISTANCE ALONG Z AXIS (CM) 
Fig. 8: Relative flux magnitude versus distance along z axis for 
cylindrical geometry (radius 60 em). 
32 
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Table V: Data for Fig. 8 (Transmission) 
Relative Flux Relative 
-z ~1agni tude, ~ Error, .ll~ 
(em) (%) 
5* 4.33 (-5) 35 
7 3.56 (-5) 31 
10 2.82 (-5) 28 
15 2.09 (-5) 24 
20 1.63 (-5) 22 
25 55.79 (-5) 98 
30 1.07 (-5) 21 
35 0.89 (-5) 20 
37 0.86 (-5) 19 
40 0.79 (-5) 20 
45 0.67 (-5) 19 
50 0.74 (-5) 20 
52 o. 75 (-5) 17 
54 o. 73 (-5) 18 
56 0.68 (-5) 19 
58 0.59 (-5) 18 
60 0.42 (-5) 19 
62 0.40 (-5) 18 
65 0.37 (-5} 19 
70 0.33 (-5) 18 
34 
Table VI: Data for Fig. 8 (Reflection) 
Relative Flux Relative 
-z Magnitude, <P Error, b.<P 
(em) (%) 
5 12.36 (-4) 70 
7 2.84 (-4) 27 
10* 2.04 (-4) 24 
15 1.31 ( -4) 21 
20 0.93 (-4) 17 
25 0.71 (-4) 15 
30 0.56 (-4) 14 
35 0.46 (-4) 13 
37 0.44 (-4) 12 
40 0.40 (-4) 13 
45 0.34 (-4) 12 
50 0.39 (-4) 10 
52 0.39 (-4) 11 
54 0.38 (-4) 12 
56 0.36 (-4) 12 
58 0.31 (-4) 9 
60 0 .. 22 (-4) 9 
62 o. 21 ( -4) 10 
65 0.20 (-4) 10 











DISTANCE ALONG Z AXIS (CM) 
Fig. 9: P(e} versus distance along z axis for cylindrical 















20 40 60 80 
DISTANCE ALONG Z AXIS (CM) 
P(~) versus distance along z axis for cylindrical geometry 
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DISTANCE ALONG Z AXIS (CM) 
P(exp) versus distance along z axis for cylindrical geometry 
(radius 60 em). 
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b. Radius Equal to 85, 39.37, and 20 em 
Cylinders with radii of 85, 39.37, and 20 em were studied to see 
how the focusing effect changes with the radius of the cylinder. The 
results are shown in Figs. 12-14. It can be seen from the graphs of 
relative flux magnitude versus distance that the smaller the radius 
of the cylinder the greater the focusing effect. 
One way to numerically express the change in the focusing effect 
as a function of the radius is by calculating the 11 fractional peak 
height 11 defined as the ratio (A/8)100 where A and B are defined in 
Fig. 15. The lengths A and B were calculated using the unnormalized 
data from the tables. The results are shown in Fig. 16. The point 
for R=lO [Fig. 16] was calculated specifically for that graph. 
The neutron focusing point, in all cases, is slightly closer to 
the face of the reflector than the geometric focal point. It moves 
further from the face of the reflector with increasing radius. Thus, 
as the radius of the cylinder approaches oo, the neutron focusing point 
moves to oo. This of course means that the effect disappears. 
When the radius of the cylinder is small (R~O), Fig. 16 shows 
that the focusing effect is relatively large. In all cases, the 
neutron focusing point is located approximately at the geometric 
focal point. 
When R-+00 the cylinder degenerates to a slab VJith front face at 
z=O. When R-+0 the cylinder degenerates to a slab with front face at 
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DISTANCE ALONG Z AXIS (CM) 
Fig. 12: Relative flux magnitude versus distance along z axis for 
cylindrical geometry (radius 85 em). 
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Table VII: Data for Fig. 12 
Relative Flux Relative 
-z t4agni tude, <I? Error, b.. <I? 
(em) (%) 
7 1.15 (-4) 38 
10 0.87 (-4) 32 
14 0.65 (-4) 25 
21* 0.46 (-4) 18 
29 0.35 (-4) 14 
36 0.29 (-4) 12 
43 0.25 (-4) 11 
50 0.22 (-4) 10 
53 0.21 (-4) 10 
57 0.20 (-4} 10 
64 0.18 (-4) 10 
71 0.19 (-4} 9 
74 0.19 (-4} . 9 
77 0.18 (-4) 9 
80 0.17 (-4) 9 
83 0.16 (-4} 9 
85 0.11 ( -4) 9 
88 0.10 (-4} 9 
93 0.10 (-4) 9 
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DISTANCE ALONG Z AXIS (CM) 
Fig. 13: Relative flux magnitude versus distance along z axis for 
cylindrical geometry (radius 39.37 em). 
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Tab1 e VI II: Data for Fig. 13 
Relative Flux Relative 
-z Magnitude, ell Error, I:J.cll 
(em) (%) 
3.3 4.34 ( -4) 43 
4.6 3.16 ( -4) 32 
6.6 2.37 (-4) 23 
9.8* 1.78 (-4) 15 
13.1 1.47 ( -4) 12 
16.4 1.25 (-4) 10 
19.7 1.08 ( -4) 9 
23.0 0. 95 ( -4) 9 
24.3 0.97 (-4) 8 
26.2 0.91 (-4) 8 
29.5 0.81 (-4) 8 
32.8 0.96 (-4) 8 
34.1 1.00 (-4) 8 
35.4 0.99 (-4) 8 
36.7 o. 92 ( -4) 8 
38.0 0.84 (-4) 8 
39.4 0.52 (-4) 8 
40.7 0.49 ( -4) 8 
42.7 0.46 ( -4) 8 
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DISTANCE ALONG Z AXIS (CM) 
Relative flux magnitude versus distance along z axis for 
cylindrical geometry (radius 20 em). 
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Table IX: Data for Fig. 14 
Relative Flux Relative 
-z t4agni tude, !P Error, t.IP 
(em) (%) 
2.0 11.32 {-4) 27 
3.0 8.89 (-4) 23 
4.0 7.31 {-4) 20 
5.0 6. 21 ( -4) 18 
7.0 4.77 (-4) 15 
8.0 4. 27 ( -4) 13 
10.0 8.58 (-4) 59 
11.0 3.20 (-4) 11 
12.0 3.32 (-4) 11 
13.0 3.12 (-4) 11 
15.0 2.73 (-4) 9 
16.0 3.80 (-4) 10 
17.0 3.97 (-4) 10 
17.5 4. 01 ( -4) 10 
18.0 3.75 (-4) 10 
19.0 3.31 (-4) 10 
19.5 1. 70 ( -4) 10 
20.0 1.64 ( -4) 10 
21.0 1. 54 ( -4) 10 
22.0 1.44 (-4) 10 
DISTANCE ALONG Z AXIS (Ct1) 

























0 20 40 60 80 
CYLINDER RADIUS (CM) 
Fig. 16: Fractional peak height versus cylinder radius. 
latter case the neutron focusing point is at z=O. The calculation 
correctly predicts for the slab, which is a degenerate cylinder, a 
maximum neutron flux on its surface and a decreasing flux away from 
the surface with no focusing. This fact gives added confidence in 
the correctness of the computer program. 
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Figs. 17, 18, and 19 clearly show that the spike in the graph 
of P(exp} increases in magnitude as the radius of the cylinder 
decreases. The focusing effect is due in large part to the shape of 
the P(exp} curve. This is true because P(exp} is highly dependent 
upon the shape of the reflector. Recall it is that shape which 
determines the distance inside the reflector between a given point 
and a detector. P(e) and P(¢) are independent of the shape of the 
reflector since the solid angle subtended by a detector at a fixed 
point is a constant, independent of the reflector shape. 
3. Hemispherical Geometry 
Hemispherical geometry was studied to see how the focusing effect 
would change with increased symmetry in the reflector. The spherical 
surface studied is described by the equation 
Z > -R 
• 
which shows that the center of the hemisphere is located at the point 
(0,0,-R). The incident beam was plane parallel. This geometry was 
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DISTANCE ALONG Z AXIS (CM) 
Fig. 17: P(exp) versus distance along z axis for cylindrical 
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Fig. 18: P(exp) versus distance along z axis for cylindrical 
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DISTANCE ALONG Z AXIS (CM) 
Fig. 19: P(exp) versus distance along z axis for cylindrical 
geometry (radius 20 em). 
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The results, for radius equal to 60 em, appear in Figs. 20-23. 
Fig. 20 shows no focusing effect. Confidence in this unexpected 
result is given by the close correspondence in the graphs of reflection 
and transmission. Although not shown in the graphs, a similar result 
was obtained for a hemisphere with a 30 em radius. 
Fig. 23 shows that the graph of P(exp) does not exhibit a spike 
as the corresponding cylindrical case does. Note that the expanded 
scale of Fig. 23 would magnify any spike if one were present. 
The lack·of focusing can be qualitatively explained in the 
following way. A scattering event taking place at the point (0,3R,O) 
in cylindrical geometry would be on the surface of the cavity. Thus, 
a vector joining this point and the center of any detector would not 
have any length lying inside the reflector. In the corresponding 
hemispherical case the point (0,3R,O) lies inside the reflector. Con-
sequently, a vector joining that point and the center of any detector 
would have a portion lying inside the medium. The same argument holds 
for every point located in the space between the cylindrical and 
hemispherical surfaces. Thus P(exp} and consequently the relative 
flux magnitude should have a greater probability of focusing in 
cylindrical rather than in hemispherical geometry. 
C. Comparison with Experiment 
The only experimental data that are related to the present study 
were obtained by an experiment performed with the Ut,1R reactor [20]. 























DISTANCE ALONG Z AXIS {CM) 
Relative flux magnitude versus distance along z axis for 
hemispherical geometry (radius 60 em). 
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Table X: Data for Fig. 20 (Transmission) 
Relative Flux Relative 
-z Magnitude, c;p Error, .t.<P 
(em) (%) 
5* 5.93 (-5) 27 
7 5.23 (-5) 26 
10 4.30 (-5) 24 
15 3.18 (-5) 20 
20 2.44 (-5) 20 
25 1.93 (-5) 18 
30 1.57 (-5) 15 
35 1.30 (-5) 14 
37 1.21 (-5) 15 
40 1.09 (-5) 17 
45 9.36 (-6) 13 
50 8.08 (-6) 14 
52 7.64 (-6) 14 
54 7.23 (-6) 14 
56 6.86 (-6) 13 
58 6.51 (-6) 15 
60 6.18 (-6) 15 
62 5.88 (-6) 14 
65 5.46 (-6) 14 
70 4.84 (-6) 14 
54 
Table XI: Data for Fig. 20 (Reflection) 
Relative Flux Relative 
-z ~1agnitude, <I> _Error, t::.<I> 
(em) (%) 
5* 1. 60 ( -4) 34 
7 1.32 ( -4) 29 
10 1. 07 ( -4) 25 
15 0.85 (-4) 19 
20 0.72 (-4) 15 
25 0.62 (-4) 13 
30 0.55 (-4) 12 
35 0.49 (-4) 11 
37 0.47 (-4) 10 
40 0.44 (-4) 10 
45 0.40 (-4) 10 
50 0.36 (-4) 10 
52 0.34 (-4) 10 
54 0.33 (-4) 10 
56 0.32 (-4) 10 
58 0.30 {-4) 10 
60 0.29 (-4) 10 
62 o. 28 ( -4) 10 
65 0.26 (-4) 10 
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Fig. 21: P(e) versus distance along z axis for hemispherical 










0.2 A TRANSMISSION 
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Fig. 22: P(¢) versus distance along z axis for hemispherical 
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DISTANCE ALONG Z AXIS (CM) 
P(exp) versus distance along z axis for hemispherical 
geometry (radius 60 em). 
38.1 em. The incident neutron beam was obtained from the beam port 
of the reactor and had an approximately circular cross section. The 
neutron flux at the beam port of the UMR reactor is approximately 
in the ratio of 6 to 1 thermal to fast neutrons. 
58 
A computer program was run which simulated the reflector and 
neutron beam shapes. The results appear in Fig. 24. No focusing 
effect was found in either the computer or actual experiments. Since 
the only difference between this geometry and the other cylindrical 
geometries studied was the shape of the incident beam, the lack of 
focusing must be attributed to the shape of the incident beam. 
Attempts to produce a plane parallel neutron beam at the beam port of 
the UMR reactor have been unsuccessful to date. 
Fig. 24 shows that the computer and experimental results are in 




















DISTANCE ALONG Z AXIS (CM) 
Fig. 24: Comparison of computer and experimental results for 
cylindrical geometry (radius 38.1 em). 
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Table XII: Data for Fig. 24 (Computer) 
Relative Flux Relative 
-z Magnitude, cp Error, f:.cp 
(em) (%) 
3.3* 4.34 (-4) 43 
4.6 3.16 (-4) 32 
6.6 2.37 (-4) 23 
9.8 1. 78 ( -4) 15 
13.1 1.47 ( -4) 12 
16.4 1. 25 ( -4) 10 
19.7 1.08 ( -4) 9 
23.0 0.95 (-4) 9 
24.3 0.96 (-4) 9 
26.2 0.91 (-4) 8 
29.5 0.81 (-4) 8 
32.8 0.66 (-4) 8 
34.1 0.63 (-4) 8 
35.4 0.61 (-4) 8 
36.7 0. 57 ( -4) 7 
38.0 0.53 (-4) 7 
39.4 0.52 (-4) 8 
40.7 0.49 ( -4) 8 
42.7 0.46 (-4) 8 
45.9 0.42 ( -4) 8 
IV. CONCLUSIONS AND REC0t1MENDATIONS 
A. Conclusions 
Neutron reflection patterns were studied for thermal neutrons 
emerging from parabolic, cylindrical, and hemispherical reflectors. 
61 
A focusing effect was found only for the case of cylindrical geometry 
with a plane parallel incident neutron beam. Any variation in the 
shape of the reflector or cross section of the incident beam resulted 
in the disappearance of the focusing effect. These remarks apply 
only to the geometries studied. 
The focusing effect was not of sufficient magnitude to warrant 
its serious consideration as a new means of obtaining a high localized 
neutron flux. Further work may alter this tentative conclusion. The 
focusing effect may be of importance when the geometry involved 
duplicates the conditions required for focusing without intention. 
In such cases the higher than expected neutron flux may lead to 
unforeseen complications or benefits. 
The computer programs developed in the course of this work give 
results which are in good agreement with experiment. Thus, they are 
a valuable tool for further study in this area. The indirect r~nte 
Carlo method has proved itself to be far superior to the direct Honte 
Carlo method. The indirect method gives results with smaller relative 
error than the direct method for the same computer time. The 





The most pressing need is for experimental verification of the 
focusing effect. At the UMR reactor facility, the main obstacle is 
the production of a plane parallel neutron beam. Experimental verifi-
cation for the case of an incident beam with circular cross section 
has been achieved. 
Experiments with different reflector media would be helpful as 
the effect of crs and; could be further studied. The actual experi-
mental set-up required would be simple since a polyethylene container 
can easily be made and filled with different substances, particularly 
if they are liquid. 
2. The Reflection Process 
Further work is required in the area of the reflection process. 
It would be very desirable to gain further insight into the way in 
which the reflector shape and incident beam cross section interact to 
cause the focusing effect. The first obvious step would be to study 
the changes caused by an impinging plane parallel neutron beam having 
different orientations. 
Since P(exp) has been shown to be the only geometrically 
dependent factor in the calculation of the relative flux magnitude, 
it could be studied in the place of the flux magnitude. Such an 
approach would be rewarding because it excludes study of the 
nongeometrically dependent factors and so simplifies the work. 
3. The Focused Beam 
The focused beam was studied in one dimension only. That is, 
the location of the neutron focusing point was determined along the 
z axis. Further work is required to determine the boundaries of the 
focal point in all dimensions. The computer programs used in this 
study could be modified to accomplish this. 
4. The Computer Programs 
63 
The computer programs and subroutines comprising the indirect 
Monte Carlo method could be improved by the introduction of several 
artifices. These include splitting, Russian roulette, and importance 
sampling [7:110]. 
Splitting and Russian roulette were found to be unsuccessful 
when applied to the direct Monte Carlo method for the geometries 
studied in the present work. No attempt was made to use them with the 
indirect method. Importance sampling is a sophisticated technique and 
would require extensive revision of the programs used in this work. 
The successful employment of any of these techniques could yield 
savings in computer time. 
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APPENDIX A 
CALCULATION OF DISTANCE BETWEEN A KNOWN POINT 
AND A POINT ON A CURVED SURFACE 
67 
The distance to be found is the distance between a known point 
(x 1 ,y 1 ,Z 1 ) and a point (x2 ,y2 ,z2 ) located on a curved surface described 
by the equation F(x,y,z)=O. 
Let the curved surface be a cylinder given by 
y2 + (z+R)2 - R2 = 0 (1) 
The equation of a straight line passing through these two points is 
{2) 
Eq. (1) may be solved for z giving 
(3) 
Eq. (2) may also be solved for z giving 
z = z, + [;: :;:j<y-y 1) (4) 
Eqs. (3) and (4) may be solved simultaneously for y giving 
(5) 
where 




Once y is known, x and z can be found from Eq. (2). 
Usually the point (x 2 ,y2 ,z2 ) is the center of a detector. This 
implies that (x ,y ,z ) = (O,O,z ) since the detectors lie on the z 2 2 2 
axis [Figs. 1 and 2]. 
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APPENDIX B 
PROBABILITY DISTRIBUTION FUNCTIONS AND RANDOM NUMBERS 
If P(x)dx is the probability that x will have some value between 
x and x + dx then P(x) is called a probability distribution function. 
If x exists only in the range a to b (a<b) then 
b 
J P(x)dx = 1 
a 
since x must be found somewhere in its range. 
The average value of f(x), any function defined in asxsb, is 
given by 
b 




If a number between 0 and 1 is selected randomly, it is equally 
probable to be any number between 0 and 1. Mathematically, if R is a 
random number between 0 and 1 then the probability that R will be 
found between a and b is given by 
b b 
J f(x)dx = J 1•dx = b-a • (3) 
a a 
Here, f(x) = 1, since the random number must be equally distributed 
in its range. 
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APPENDIX C 
CALCULATION OF ERROR 
In the direct method the magnitude of the flux is determined in 
terms of the number of "hits" on each detector divided by the number 
of histories studied. Let 
n = the number of histories studied 
1, if the neutron intersects a detector 
w . = i 0, if the neutron does not intersect a detector 
The average value of wi is 
n w. 
w= t: -1 
i=l n 
the standard deviation crR of this value is given by [8:149] 
cr = ( n Jla [ n _(w - _,__wi p]la 
R n:t J n 1= 1 ' 
crR is an estimate of how close any given calculation will come 
tow. How close w approaches the 11 true" value is of more interest. 
This value is given by 
0 RN = rt "R 
and is called the expectation value of the population standard 
deviation [8:149]. 
Combining Eqs. {5) and (6) gives 
(11 ~ f n :· (w - w i ) 2l ~ 









Expanding the summation gives 
I Cw - w,. F = I (w2 - 2ww . + w . 2 > • 1 , (8) 
Putting Eq. (4) into Eq. (8) gives 
(9) 
Simplifing gives 
I (w- w.) 2 = ~ w. 2 - nw2 , l.. , ( 10) 
Recalling Eqs. (2) and (3) it is obvious that 
n n I w. 2 = I w. 
i=l , i=l 1 
(11) 
which leads to the result 
I (w- w.) 2 = ~ w. - n~ • 1 l.. 1 (12) 
Substituting Eq. (12) into Eq. (7) gives 
!.: [ J ( w i ) - nW'l J ~ 
crRN = ( ~J 2 , = 1 n - 1 • (13) 
Using Eq. (4) and simplifying yields 
w - w [- ~J~ 0 RN = n - 1 ( 14) 
crRN is used in this work as the length of the error bar. A point 
is plotted as w±crRN· The relative error expressed in % is then given 
by 
(15) 
The calculation of w for the indirect method is given in section 
D of chapter II. The standard deviation of win this case is given by 
The expectation value of the population standard deviation is 
given by the expression 
n [ (w - w. ) 2] 1z 
crRN = ;~ 1 n(n-1J • 
A point is plotted as w±aRN just as in the direct method. 
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(16) 
(17) 
